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I. Introduction
Describing of spin-1
2
particles and their moving in an electromagnetic field are expressed
by the Dirac equation. The interaction of the spin-1
2
particle with the electromagnetic field is
usually constructed by using the covariant derivative, Dµ, in four-momentum operator. This
coupling to electromagnetic fields is named as minimal electromagnetic interaction rule by
Gell-Mann. Another option which describes the interaction due to the anomalous magnetic
moment of a charged particle is possible by using a non-minimal coupling. The extended
version of the Dirac equation by non-minimal coupling term is the Dirac-Pauli equation [1].
This equation can also describe interactions of neutral spin-1
2
particles with electromagnetic
fields as well and this situation is especially interesting. It is possible to investigate the exact
solutions of this equation for various electromagnetic field configurations, such as a constant
magnetic field, an electromagnetic plane wave [2]. The study of the Dirac Hamiltonian for
spin-1
2
particles with anomalous magnetic moment in electromagnetic fields has especially
become important [3, 4], because a duality appears between the anomalous magnetic moment
and the electric charge of electron [5] which is known as Aharonov-Casher effect [6].
In the present paper, we study the exact solutions of the Dirac-Pauli equation for a neutral
spin-1
2
particle with magnetic moment µ moving in an electromagnetic field within the
position-dependent mass formalism. The bound state problem for the Dirac-Pauli equation
has not attracted enough attention in literature [7] where the closed form for the energy
levels and the wave functions are given. In Ref. [8], the quasi-exact solutions of the Dirac-
Pauli equation for a neutral particle in an electric field have been searched in spherical,
cylindrical, and Cartesian coordinates, respectively. In this point of view, investigating the
exact solutions of the Dirac-Pauli equation and giving the results in closed forms could be
interesting. It is well known that the problems dealing with exact solutions of non-relativistic
and/or relativistic wave equations are an important part of quantum mechanics. The above
circumstances are our basic motivation to present this work.
Among the mass distributions used in the literature [9], the mass functions having singu-
larities are especially prized in the view of the present work. The reader can find such kinds
of mass distributions in Refs. [10-13]. The mass distribution obtained below has a depending
also on the energy of the particle, and will give us the opportunity such as solving the equa-
tions analytically. The dependence of the mass on the energy is an approximation scheme
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used in semiconductor theory, heterostructures [14, 15], and quantum dots [16]. The energy
dependence of the mass is proposed within the Hartree mean-field formalism to obtain the
global state properties and the single-nucleon levels [17].
The organization of the work as follows. In Section II, by using the method of separation
of variables, we obtain four partial coupled differential equations (DE’s) for the Dirac-Pauli
equation of a neutral spin-1
2
particle in a central electric field. From stationary Dirac-Pauli
equation can be obtained second order DE’s for each of two radial wave functions which we
solve by using the Nikiforov-Uvarov (NU) method. In Section III, we give a brief outline for
the NU method. In Section IV, we find the energy eigenvalues and the radial wave functions
by using NU method for a spherically symmetric electric field including a shifted inverse
linear term while the mass depends on spatially coordinates. We observe that the bound
state solutions are possible for such an electromagnetic configuration within the position-
dependent mass formalism, and the degeneracy of a energy level is finite.
II. The Dirac-Pauli Equation And Spherical Symmetry
Now let us consider a neutral spin-1
2
particle with mass M moving in an external elec-
tromagnetic field described by the field strength Fµν . The four-component spinor Ψ(t, ~r)
describing this particle satisfies the Dirac-Pauli equation (~ = c = 1) [1](
iγµ∂µ −
1
2
µσµνFµν −M
)
Ψ(t, ~r) = 0 , (1)
where γµ = (γ0, ~γ) are the Dirac matrices obeying {γµ, γν} = 2gµν with gµν =
diag(1,−1,−1,−1) and σµν = i
2
[γµ, γν ]. The second term in Eq. (1) is written in terms of
external electric field ~E and magnetic field ~B as following
1
2
σµνFµν = i~α. ~E − ~Σ. ~B , (2)
where ~α = γ0~γ, and Σk = 1
2
ǫijkσij where ǫijk is totally antisymmetric tensors (ǫ123 = 1).
The four-component spinor Ψ(t, ~r) can be given as
Ψ(t, ~r) = e−iεtψ(~r) , (3)
if the electric field ~E, and the magnetic one ~B are time-independent. By inserting Eq. (3)
into Eq. (1), one obtains a stationary Dirac-Pauli equation(
~α.~p+ iµ~γ. ~E − µβ~Σ. ~B + βM
)
ψ(~r) = εψ(~r) , (4)
3
where ~p = −i∇ and β = γ0. We use the following representation for the Dirac matrices [8]
~α =

0 ~σ
~σ 0

 , β =

1 0
0 −1

 ,
where ~α are the Pauli matrices. We define ψ = (φ, χ)t, where t denotes transpose, and φ and
χ are two-component spinors, respectively. Let us consider the case where only electric fields
exist. A brief discussion for the case where both electric and magnetic fields simultaneously
presence can be found in Ref. [7]. The stationary Dirac-Pauli equation (4) then takes the
form
(ε+M)χ = ~σ.(~p− iµ ~E)φ , (5a)
(ε−M)φ = ~σ.(~p+ iµ ~E)χ , (5b)
where we have four coupled partial DE’s.
Now let us define the following
ϕη(~x) =

 ϕ
+(~x) for ℓ = j − 1
2
,
ϕ−(~x) for ℓ = j + 1
2
,
(6)
where ϕ+(~x) and ϕ−(~x) are two component spinors written in terms of the spherical har-
monics Yℓm(θ, ϑ) and defined as [11]
ϕ+(~x) =


√
ℓ+m+1
2ℓ+1
Yℓm(θ, ϑ)√
ℓ−m+1
2ℓ+1
Yℓm(θ, ϑ)

 ,
and
ϕ−(~x) =


√
ℓ−m
2ℓ+1
Yℓm(θ, ϑ)
−
√
ℓ+m
2ℓ+1
Yℓm(θ, ϑ)

 ,
where (θ, ϑ) are two of spherical coordinates (r, θ, ϑ). Because of vanishing magnetic field,
one can choose a complete set of observables as (H, ~J2, Jz, ~S
2, K) for a spherical symmetric
electric field ~E = E(r)rˆ where rˆ is unit vector. The operatorH in this set is the Hamiltonian
given in Eq. (4), ~J is the total angular momentum ~J = ~L+ ~S, where ~L is the orbital angular
momentum, and ~S = 1
2
~Σ is the spin operator. The operator K is given as K = β(1 + ~Σ.~L)
which satisfies the commutation relations [H,K] = [ ~J,K] = 0.
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One can write the first part of solution to Eq. (5) as ψ+ = (φ+, χ+)t, where
φ+(~x) = F+(r)ϕη(~x) ,
χ+(~x) = iG+(r)(~σ.rˆ)ϕη(~x) , (7)
where the superscript η indicates (+) in this case. By using the following equalities [18]
~σ.rˆϕ±(~x) = ϕ∓(~x) , (8a)
~σ.~Lϕ±(~x) =
(
~J2 − ~L2 −
3
4
)
ϕ±(~x) ,
=

 ℓ−ℓ− 1

ϕ±(~x) ,
=

−1 + (j + 1/2)−1− (j + 1/2)

ϕ±(~x) forj = ℓ± 12 , (8b)
~σ.~p = −i(~σ.rˆ)∂r +
i
r
(~σ.rˆ)(~σ.~L) , (8c)
we obtain two first order differential equations from Eq. (5) with the help of Eq. (7) for the
radial wave functions (
d
dr
+ µE(r)−
ℓ
r
)
F+(r) = −(ε+M)G+(r) , (9a)(
d
dr
− µE(r) +
ℓ+ 2
r
)
G+(r) = (ε−M)F+(r) , (9b)
which gives the following because of the coordinate-dependence of mass
1
ε+M
{
−
d2
dr2
− µ
E(r)
dr
+
ℓ
r2
+
dM
dr
ε+M
(
d
dr
+ µE(r)−
ℓ
r
)
+
1
r
[µE(r)r − (ℓ+ 2)]
(
d
dr
+ µE(r)−
ℓ
r
)}
F+(r) = (ε−M)F+(r) . (10)
In addition to position dependency of the mass function, here, we want to write the mass
function is also energy-dependent. For this aim, we tend to choose the option written as
dM
dr
= (ε +M)2 which gives M(r) = −1/r − ε + const.. This gives also opportunities such
as writing Eq. (10) in a more simpler form and getting an analytical solution. By taking
the ’integration constant’ is zero, we have a second order differential equation for the radial
5
wave function for F+(r)
d2F+(r)
dr2
+
3
r
dF+(r)
dr
+
[
µ
dE(r)
dr
− µ2E2(r) + (3 + 2ℓ)µ
E(r)
r
−
ℓ(ℓ+ 1)
r2
]
F+(r) = −[ε2 −M2(r)]F+(r) ,
(11)
The second part of solution to Eq. (5) as ψ− = (φ−, χ−)t, where
φ−(~x) = F−(r)ϕη(~x) ,
χ−(~x) = iG−(r)(~σ.rˆ)ϕη(~x) , (12)
where the superscript η indicates (−) in this case. With the help of Eq. (8), we write two
first order differential equations(
d
dr
+ µE(r)−
ℓ+ 2
r
)
F−(r) = −(ε+M)G−(r) , (13a)(
d
dr
− µE(r)−
ℓ
r
)
G−(r) = (ε−M)F−(r) , (13b)
We obtain the following for the position-dependent mass
1
ε−M
{
d2
dr2
− µ
dE(r)
dr
+
ℓ
r2
+
dM
dr
ε−M
(
d
dr
− µE(r)−
ℓ
r
)
+
+
1
r
[µE(r)r + ℓ+ 2]
(
d
dr
− µE(r)−
ℓ
r
)}
G−(r) = −(ε+M)G−(r) . (14)
By taking a similar option dM
dr
= (ε−M)2 (M(r) = −1/r + ε + const.), and setting the
’integration constant’ to zero, we have for the radial function G−(r)
d2G−(r)
dr2
+
3
r
dG−(r)
dr
−
[
µ
dE(r)
dr
+ µ2E2(r) + (3 + 2ℓ)µ
E(r)
r
+
ℓ(ℓ+ 1)
r2
]
G−(r) = −[ε2 −M2(r)]G−(r) ,
(15)
In the following, we try to solve Eq. (11) and Eq. (15) analytically for a given central
electric field configuration E(r) within the position-dependent mass formalism, i.e., M →
M(r). But first, we shall give a brief summary of the NU method in the next section.
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III. The Nikiforov-Uvarov Method
Let us consider a second order differential equation with the following form [19][
ν2(r)
d2
dr2
+ ν(r)τ˜ (r)
d
dr
+ ν˜(r)
]
y(r) = 0 , (16)
Here ν(r), and ν˜(r) are polynomials of r, at most, second degree, and τ˜(r) is a first degree
polynomial. We take the ansatz for a particular solution
y(r) = h(r)g(r) , (17)
Inserting into Eq. (16) gives[
ν(r)
d2
dr2
+ τ(r)
d
dr
+ λ
]
g(r) = 0 , (18)
where λ will be determined. The solution of Eq. (16) can be written by using Rodriguez
formula
gn(r) ∼
1
ρ(r)
dn
drn
[νn(r)ρ(r)] , (19)
with the weight function ρ(r) satisfying [14]
ρ(r)
dν(r)
dr
+ ν(r)
dρ(r)
dr
= ρ(r)τ(r) , (20)
The other part of whole solution in Eq. (17) is defined in terms of a required function
π(r) as
1
h(r)
dh(r)
dr
=
π(r)
ν(r)
, (21)
The polynomial π(r) is given within the method as
π(r) =
1
2
[ν ′(r)− τ˜(r)]∓
[
1
4
[ν ′(r)− τ˜ (r)]
2
− ν˜(r) + kν(r)
]1/2
, (22)
where prime denotes the derivative with respect to r. The parameter introduced in Eq. (18)
and k in the above equation satisfy
λ = k + π ′(r) , (23)
Since square root in the polynomial π(r) in Eq. (22) must be a square then this defines the
constant k. Replacing k into Eq. (22), we define
τ(r) = τ˜ (r) + 2π(r) , (24)
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The polynomial τ(r) must have a negative derivative in order to satisfy ρ(r) > 0, and
ν(r) > 0. This leads to the choice of the solution. If λ satisfies the condition
λ = λn = −nτ
′(r)−
1
2
n(n− 1)ν ′′(r) , n = 0, 1, 2, . . . (25)
then the hypergeometric type equation (16) has a particular solution with degree n.
IV. The Bound States
We find the energy eigenvalues of the Dirac-Pauli equation for a neutral spin-1
2
particle
moving in a electromagnetic field having the form E(r) = a+ b/r. Such a configuration for
electric field can be produced by an infinite line of charge with a constant charge per unit
length ζ [20]. Inserting it into Eq. (11), taking the mass function given above, we have
d2F+(r)
dr2
+
3
r
dF+(r)
dr
+
1
r2
[
−A21r − A
2
2r
2 − A23
]
F+(r) = 0 , (26)
where
−A21 = µa(3 + 2ℓ)− 2µ
2ab− 2ε ,
−A22 = −µ
2a2 ,
−A23 = (1 + ℓ)(2µb− ℓ− 1)− µ
2b2 , (27)
We compare Eq. (26) with Eq. (16) for using the NU method, then we have
τ˜(z) = 3 ; ν(r) = r ; ν˜(z) = −A21r −A
2
2r
2 − A23 , (28)
We obtain the following for the polynomial π(r) from Eq. (22)
π(z) = −1±
√
A22r
2 + (k + A21)r + 1 + A
2
3 , (29)
We define the constant k by setting the discriminant of the expression under the square root
to zero which gives k = −A21−2A2
√
1 + A23 . We replace it into above equation, and obtain
π(r) = −1 +
√
1 + A23 − A2r ,
which gives from Eq. (24)
τ(r) = 1 + 2
(√
1 + A23 − A2r
)
, (30)
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with a negative derivative. The constant λ in Eq. (23) becomes λ = −A21 − A2[1 + 2L(ℓ)]
with L(ℓ) =
√
1 + A23 , and λn in Eq. (25) becomes λn = 2nA2. Substituting the values of
parameters given in Eq. (27), and setting λ = λn, we find the energy eigenvalues
ε = −µa[n− ℓ− 1 + L(ℓ) + µb] . (31)
We observe that we have only particle solutions unless n + L(ℓ) + µb > 1 + ℓ, while only
antiparticle solutions for the other case. The eigenvalues depend on the quantum numbers
(n, ℓ) which means that the degeneracy is finite for the Dirac-Pauli equation for the case
where the mass is a function of spatially coordinate for the radially linear electric field. We
summarize our numerical results, and dependency of energies on parameters a, and b in
Figs. 1 and 2, respectively. We prefer to give the variation on these parameters because the
electric field is the source of the present problem. The Figs. 1 and 2 show that the energy
eigenvalues linearly increase while the parameter a increases, and decrease linearly while the
value of parameter b increases. The increasing with a, and decreasing with b are expected
because the parameter a represents the linear dependency, and the other one represents the
inverse-linear dependency in electromagnetic configuration.
Now let us find the normalized wave functions. We first compute the weight function
from Eq. (20) and Eq. (30) as
ρ(r) ∼ r2L(ℓ)e−2A2r ,
and Eq. (19) gives
gn(r) ∼ r
−2L(ℓ)e2A2r
dn
drn
[
zn+2L(ℓ)e−2A2r
]
,
which can be written in terms of the generalized Laguerre polynomials [21]
gn(r) ∼ L
2L(ℓ)
n (2A2r) . (32)
We write the other part of solution from Eq. (21)
h(r) ∼ rL(ℓ)−1e−A2r , (33)
Thus, the whole wave functions F+(r) become
F+(r) = NrL(ℓ)−1e−A2rL2L(ℓ)n (2A2r) , (34)
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and Eq. (9) gives the other component as
G+(r) = NrL(ℓ)−1e−A2r
{
(L(ℓ)− 1− A2r)L
2L(ℓ)
n (2A2r) + r
d
dr
L2L(ℓ)n (2A2r)
}
. (35)
By using the normalization condition∫ ∞
0
{
[F±(r)]2 + [G±(r)]2
}
r2dr = 1 ,
and after cumbrous calculations we give the normalization constant
N =

 (2A2)1+2L(ℓ)
[n+2L(ℓ)]!(1+ω2
1
)
n!
+
[n−1+2L(ℓ)]!ω2
2
(n−1)!
+
[n+1+2L(ℓ)]!ω2
3
(n+1)!


1/2
, (36)
where
ω1 = ω
′
1 + ω
′
2[2n + 2L(ℓ) + 1];ω2 = [n+ 2L(ℓ)](1 + ω
′
2);ω3 = ω
′
2(1 + n) ,
with
ω′1 = n− 1− ℓ+ L(ℓ) + µb;ω
′
2 =
µa
2A2
−
1
2
.
Here and from now on we use the following identities for the associated Laguerre polynomials
[21, 22]
d
dz
Lkn(z) =
1
z
[
nLkn(z)− (n+ k)L
k
n−1(z)
]
,
(n + k)Lkn−1(z) + (n+ 1)L
k
n+1(z) = (2n+ k + 1− z)L
k
n(z) .
We study the second part of solutions given in Eq. (15). Inserting the electric field
expression, and taking the mass distribution obtained above, we have
d2G−(z)
dz2
+
3/2
z
dG−(z)
dz
+
1
z2
[
−B21z − B
2
2z
2 − B23
]
G−(z) = 0 , (37)
where
B21 = µa(3 + 2ℓ) + 2µ
2ab− 2ε ,
B22 = µ
2a2 ,
B23 = (1 + ℓ)(2µb− ℓ− 1) + µ
2b2 , (38)
Following the same steps, we write the energy levels
ε = µa[n+ ℓ+ 2 + L(ℓ) + µb] . (39)
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We observe that the solutions give only the particle states, and the energy levels depend
also on the quantum number ℓ which means that the degeneracy is finite as before. The
corresponding wave functions are
G−(r) = NrL(ℓ)−1e−A2rL2L(ℓ)n (2B2r) , (40)
and the other component is
F−(r) = NrL(ℓ)−1e−B2r
{
(L(ℓ)− 1− B2r)L
2L(ℓ)
n (2B2r) + r
d
dr
L2L(ℓ)n (2B2r)
}
. (41)
The normalization constant is given for this case as
N =

 (2B2)1+2L(ℓ)
[n+2L(ℓ)]!(1+ω2
1
)
n!
+
[n−1+2L(ℓ)]!ω2
2
(n−1)!
+
[n+1+2L(ℓ)]!ω2
3
(n+1)!


1/2
, (42)
where
ω1 = ω
′
1 + ω
′
2[2n + 2L(ℓ) + 1];ω2 = [n+ 2L(ℓ)](1 + ω
′
2);ω3 = ω
′
2(1 + n) ,
with
ω′1 = n− (1 + ℓ) + L(ℓ) + µb;ω
′
2 =
1
2
(
µa
B2
− 1) .
One can see that it is also possible to study the bound state solutions of the Dirac-Pauli
equation for a neutral spin-1
2
particle in a central electric field by using the NU method within
the position dependent mass formalism. The scattering states for the same configuration of
the electric field within the same formalism will be not studied here.
V. Conclusion
We have studied the Dirac-Pauli equation of a neutral spin-1
2
particle coupled to a central
electric field by non-minimal coupling by using the Nikiforov-Uvarov method within the
position-dependent mass formalism. Solving the above equation and finding exact solutions
by a different method could give another viewpoints within relativistic quantum mechanics.
We have found out two second order differential equations, which have been obtained from
four coupled first order equations, for both two different kinds of solutions. All bound
state solutions are given in closed forms for a specific electric field configuration for which
11
both negative- and positive-energy states are possible under specific constraints. We have
obtained energy eigenvalue equations which involve only ε, not it’s squared because of the
setting the mass distribution as dM(r)/dr = [ε±M(r)]2. As a result, we have reached both
particle and antiparticle solutions for the upper component of the Dirac spinor together with
some constraints on quantum numbers, while only particle solutions for lower component.
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(a) The ground-state energy.
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(c) First excited state energy with ℓ = 1.
FIG. 1: The variation of energy with parameter a for b = 1, and µ = −0.001.
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(a) The ground-state energy.
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(b) First excited state energy with ℓ = 0.
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(c) First excited state energy with ℓ = 1.
FIG. 2: The dependence of energy on the parameter b for a = 1, and µ = −0.001.
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